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Abstract
In one of our previous papers we generalized the Buscher
T-dualization procedure. Here we will investigate the
application of this procedure to the theory of a bosonic
string moving in the weakly curved background. We ob-
tain the complete T-dualization diagram, connecting the
theories which are the result of the T-dualizations over
all possible choices of the coordinates. We distinguish
three forms of the T-dual theories: the initial theory,
the theory obtained T-dualizing some of the coordinates
of the initial theory and the theory obtained T-dualizing
all of the initial coordinates. While the initial theory is
geometric, all the other theories are non-geometric and
additionally non-local. We find the T-dual coordinate
transformation laws connecting these theories and show
that the set of all T-dualizations forms an Abelian group.
1 Introduction
T-duality is a property of string theory that was not en-
countered in any point particle theory [1, 2, 3, 4]. Its dis-
covery was surprising, because it implies that there ex-
ist theories, defined for essentially different geometries of
the compactified dimensions, which are physically equiv-
alent. The origin of T-duality is seen in the possibility
that, unlike a point particle the string can wrap around
compactified dimensions. But, no matter if one dimen-
sion is compactified on a circle of radius R or rather on a
circle of radius l2s/R, where ls is the fundamental string
length scale, the theory will describe the string with the
same physical properties. The investigation of T-duality
does not cease to provide interesting new physical im-
plications.
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The prescription for obtaining the equivalent T-dual
theories is given by the Buscher T-dualization procedure
[5, 6]. The procedure is applicable along the isometry
directions, which allows the investigation of the back-
grounds which do not depend on some coordinates. It is
found that T-duality transforms geometric backgrounds
to the non-geometric backgrounds with Q flux which are
locally well defined, and these to different types of non-
geometric backgrounds, backgrounds with R flux which
are not well defined even locally [7, 8]. A similar pre-
scription can be used to obtain fermionic T-duality [9].
It is argued that the better understanding of T-duality
should be sought for by doubling the coordinates, in-
vestigating the theories in which the background fields
depend on both the usual space-time coordinates and
their doubles [10, 11, 12, 13], which would make the T-
duality a manifest symmetry.
T-duality enables the investigation of the closed str-
ing non-commutativity. The coordinates of the closed
string are commutative when the string moves in a con-
stant background. In a 3-dimensional space with the
Kalb-Ramond field depending on one of the coordinates,
successive T-dualizations along isometry directions lead
to a theory with Q flux and the non-commutative coor-
dinates [14, 15, 16]. The novelty in the research is the
generalized T-dualization procedure, realized in [17], ad-
dressing the bosonic string moving in the weakly curved
background - constant gravitational field and coordinate
dependent Kalb-Ramond field with an infinitesimal field
strength. The non-commutativity characteristics of a
closed string moving in the weakly curved background
was considered in [18].
The generalized procedure is applicable to all the
space-time coordinates on which the string backgrounds
depend. In Ref. [17], it was first applied to all ini-
tial coordinates, which produces a T-dual theory; it was
then applied to all the T-dual coordinates and the initial
theory was obtained. In this paper, we will investigate
the application of the generalized T-dualization proce-
dure to an arbitrary set of coordinates. Let us denote
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the T-dualization along direction xµ by T µ and the T-
dualization along dual direction yµ by Tµ. Choosing d
arbitrary directions, we denote
T a = ◦dn=1T µn , T i = ◦Dn=d+1T µn , T = ◦Dn=1T µn ,
(1.1)
Ta = ◦dn=1Tµn , Ti = ◦Dn=d+1Tµn , T˜ = ◦Dn=1Tµn ,
(1.2)
where µn ∈ (0, 1, . . . ,D − 1), and ◦ denotes the compo-
sition of T-dualizations. We will apply T-dualizations
(1.1) to the initial theory, and T-dualizations (1.2) to
its completely T-dual theory (obtained in [17]). We will
prove the following composition laws:
T i ◦ T a = T , Ti ◦ Ta = T˜ , Ta ◦ T a = 1, (1.3)
where 1 denotes the identical transformation (T-duali-
zation not performed). So, elements 1,T a and Ta, with
d = 1, . . . ,D, form an Abelian group. We will find
the explicit form of the resulting theories and the corre-
sponding T-dual coordinate transformation laws. These
results complete the T-dualization diagram connecting
all the theories T-dual to the initial theory.
Throughout the whole article (except for Sect. 9) we
assume that the Kalb-Ramond field depends on all co-
ordinates. In that case all T-dual theories, except the
initial theory, are non-geometric and non-local because
they depend on variable V µ, which is a line integral of
the derivatives of the dual coordinates. To all of these
theories there corresponds a flux which is of the same
type as the R flux unlike the non-geometric theories with
Q flux, which have a local geometric description.
In Sects. 9.1 and 9.2, we present an example of
the 3-dimensional torus, T 3 with H-flux, where Kalb-
Ramond field depends only on coordinate x3. Then T-
dualizations along isometry directions x1 and x2 lead to
geometric background and the T-dualization along x3
leads to non-geometric background. In Sect. 9.1 putting
D = 3, d = 1, 2 with Bµν depending on x
3 we reproduce
the T-duality chain of Refs. [14, 15, 16].
In Sect. 9.2 we will compare the results of our pa-
per with those of Ref. [8]. In our manuscript, the
background fields’ argument, the variable V µ, incorpo-
rates all features of the non-geometric spaces. First,
as pointed out in Ref. [8] it ”eludes a geometric de-
scription even locally” because it is a line integral of
the derivative. Second, we obtain non-associativity and
breaking of Jacobi identity typical for the so called R-
flux backgrounds. In Sect. 9.3 we present example of
the 4-dimensional torus T 4 to generalize the case of Ref.
[19] to critical surface.
The generalized T-dualization procedure originates
from the Buscher T-dualization procedure. The first
rule in the prescription is to replace the derivatives with
the covariant derivatives. The new point in the pre-
scription is the replacement of the coordinates in the
background fields’ argument with the invariant coordi-
nates. The invariant coordinates are defined as the line
integrals of the covariant derivatives of the original co-
ordinates. Both covariant derivatives and invariant co-
ordinates are defined using the gauge fields. These fields
should be nonphysical, so one requires that their field
strength should be zero. This is realized by adding the
corresponding Lagrange multipliers’ terms. As a con-
sequence of the translational symmetry one can fix the
coordinates along which the T-dualization is performed
and obtain a gauge fixed action. An important cross-
way in the T-dualization procedure is determined by the
equations of motion of the gauge fixed action. Two equa-
tions of motion obtained varying this action are used
to direct the procedure either back to the initial action
or forward to the T-dual action. For the equation of
motion obtained varying the action over the Lagrange
multipliers, the gauge fixed action reduces to the ini-
tial action. For the equation of motion obtained varying
the action over the gauge fields one obtains the T-dual
theory. Comparing the solutions for the gauge fields in
these two directions, one obtains the T-dual coordinate
transformation laws.
2 T-duality in the weakly curved
background
Let us consider the closed bosonic string propagating
in the background with metric field Gµν , Kalb-Ramond
field Bµν and a dilaton field Φ, described by the action
[3, 4]
S[x] = κ
∫
Σ
d2ξ
√−g
[(1
2
gαβGµν(x) +
εαβ√−gBµν(x)
)
·
·∂αxµ∂βxν + 1
4πκ
Φ(x)R(2)
]
. (2.1)
The integration goes over a 2-dimensional world-sheet
Σ parametrized by ξα (ξ0 = τ, ξ1 = σ), gαβ is the
intrinsic world-sheet metric, R(2) corresponding 2-dime-
nsional scalar curvature, xµ(ξ), µ = 0, 1, ...,D−1 are the
coordinates of the D-dimensional space-time, κ = 12πα′
with α′ being the Regge slope parameter and ε01 = −1.
2.1 Weakly curved background
The requirement of the quantum conformal invariance
of the world-sheet results in the space-time equations of
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motion for the background fields. In the lowest order in
the slope parameter α′ these equations are
Rµν − 1
4
BµρσB
ρσ
ν + 2Dµ∂νΦ = 0,
DρB
ρ
µν − 2∂ρΦBρµν = 0,
4(∂Φ)2 − 4Dµ∂µΦ+ 1
12
BµνρB
µνρ + 4πκ(D − 26)/3
−R = 0 . (2.2)
Here Bµνρ = ∂µBνρ+∂νBρµ+∂ρBµν is the field strength
of the field Bµν , and Rµν and Dµ are the Ricci tensor
and the covariant derivative with respect to the space-
time metric. We will consider one of the simplest coor-
dinate dependent solutions of (2.2), the weakly curved
background. This background was considered in Refs.
[20, 21, 22], where the influence of the boundary con-
ditions on the non-commutativity of the open bosonic
string has been investigated. The same approximation
was considered in [15, 18] in context of the closed string
non-commutativity.
The weakly curved background is defined by
Gµν(x) = const,
Bµν(x) = bµν +
1
3
Bµνρx
ρ ≡ bµν + hµν(x),
Φ(x) = const, (2.3)
with bµν , Bµνρ = const. This background is the solution
of the space-time equations of motion if the constant
Bµνρ is taken to be infinitesimal and all the calculations
are done in the first order in Bµνρ, so that the curvature
Rµν can be neglected as the infinitesimal of the second
order. Through the whole manuscript (with the exeption
of Sect. 9) we assume that the background has topology
of D-dimensional torus TD, where Kalb-Ramond field
depends on all coordinates. In Sects. 9.1 and 9.2 we
give an example of the 3-dimensional torus, T 3, with
H-flux, where the Kalb-Ramond field depends only on
coordinate x3, while in Sect. 9.3 we give an example of
4-dimensional torus T 4 with constant background fields.
The assumption that Bµνρ is infinitesimal means that
we consider the D-dimensional torus so large that for
any choice of indices holds [15]
Bµνρ
RµRνRρ
≪ 1 , (2.4)
where Rµ are the radii of the torus. The H-flux back-
ground, considered in Refs. [8, 15], is of the same type
as the weakly curved background. However, this back-
ground depends just on x3 and corresponds to the exam-
ples addressed in Sect. 9 of our paper. The background
considered in the rest of the article depends on all coor-
dinates.
In this paper we will investigate the T-dualization
properties of the action (2.1) describing the closed string
moving in the weakly curved background. Taking the
conformal gauge gαβ = e
2F ηαβ , the action (2.1) becomes
S[x] = κ
∫
Σ
d2ξ ∂+x
µΠ+µν(x)∂−x
ν , (2.5)
with the background field composition equal to
Π±µν(x) = Bµν(x)± 1
2
Gµν(x), (2.6)
and the light-cone coordinates given by
ξ± =
1
2
(τ ± σ), ∂± = ∂τ ± ∂σ. (2.7)
2.2 Complete T-dualization
The T-dualization of the closed string theory in the
weakly curved background was presented in [17]. The
procedure is related to a global symmetry of the theory
δxµ = λµ. (2.8)
The symmetry still exists in the presence of the nontriv-
ial Kalb-Ramond field (2.3), but only in the case of the
trivial mapping of the world-sheet into the space-time,
because in that case the variation of the action (2.5)
δS =
κ
3
εαβBµνρλ
ρ
∫
d2ξ∂αx
µ∂βx
ν (2.9)
after partial integration, using identity εαβ∂α∂β = 0,
becomes
δS =
κ
3
Bµνρλ
ρǫαβ
∫
d2ξ∂α(x
µ∂βx
ν), (2.10)
which is equal to zero. This means that classically, di-
rections which appear in the argument of Kalb-Ramond
field are also Killing directions. However the standard
Buscher procedure cannot be applied to them, because
background fields depend on the coordinates but not on
their derivatives.
The T-dual picture of the theory, obtained applying
the T-dualization procedure to all the coordinates, is
given by
S[y] = κ
∫
d2ξ ∂+yµ
⋆Πµν+
(
∆V (y)
)
∂−yν
=
κ2
2
∫
d2ξ ∂+yµΘ
µν
−
(
∆V (y)
)
∂−yν , (2.11)
where
Θµν± ≡ −
2
κ
(G−1E Π±G
−1)µν = θµν ∓ 1
κ
(G−1E )
µν,(2.12)
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with
GEµν ≡ Gµν − 4(BG−1B)µν ,
θµν ≡ −2
κ
(G−1E BG
−1)µν , (2.13)
being the effective metric and the non-commutativity
parameter in Seiberg-Witten terminology of the open
bosonic string theory [23]. The T-dual background fields
are equal to
⋆Gµν
(
∆V (y)
)
= (G−1E )
µν
(
∆V (y)
)
,
⋆Bµν
(
∆V (y)
)
=
κ
2
θµν
(
∆V (y)
)
, (2.14)
and their argument is given by
∆V µ(y) = −κ
2
(
Θµν0− +Θ
µν
0+
)
∆yν
+
κ
2
(
Θµν0− −Θµν0+
)
∆y˜ν
= −κθµν0 ∆yν + (g−1)µν∆y˜ν . (2.15)
Here Θµν0± is the zeroth order value of the field compo-
sition Θµν± defined in (2.12) and gµν = Gµν − 4b2µν and
θµν0 = − 2κ(g−1bG−1)µν are the zeroth order values of the
effective fields (2.13). The variable ∆y˜µ is the double of
the dual variable ∆yµ = yµ(ξ) − yµ(ξ0), defined as the
following line integral:
∆y˜µ =
∫
P
(dτy′µ + dσy˙µ) =
∫
P
dξαεβα∂βyµ, (2.16)
taken along the path P , from the point ξα0 (τ0, σ0) to the
point ξα(τ, σ).
The fact that we are working with the weakly curved
background ensures that the T-dual background fields
are the solution of the space-time equations (5). Because
both dual metric ⋆Gµν and dual Kalb-Ramond field ⋆Bµν
are linear in coordinates with infinitesimal coefficients,
the dual Christoffel symbol ⋆Γνρµ and dual field strength
⋆Bµνρ are constant and infinitesimal. In Eq. (8.5) of
Sect. 8 we will show that T-dual dilaton field is •Φ =
Φ − ln det√2Π+, where Φ is constant and Π+ is linear
in coordinates with infinitesimal coefficients. So, •Φ is
also linear in coordinates with infinitesimal coefficients,
and ∂µ
•Φ is constant and infinitesimal. Consequently,
Dµ∂ν
•Φ, ∂ρ
•ΦBρµν and (∂µ
•Φ)2 are infinitesimals of the
second order. So, all T-dual space-time equations, for
the metric, for the Kalb-Ramond field and for dilaton
field, are infinitesimals of the second order and as such
are neglected.
The initial theory (2.5) and its completely T-dual the-
ory (2.11) are connected by the T-dual coordinate trans-
formation laws (eq. (42) of Ref. [17])
∂±x
µ = −κΘµν(∆V )∂±yν ∓ 2κΘµν0±β∓ν (V ), (2.17)
and its inverse (eq. (66) of Ref. [17])
∂±yµ ∼= −2Π∓µν(∆x)∂±xν ∓ 2β∓µ (x), (2.18)
where β±µ (x) = ∓12hµν(x)∂∓xν . It is shown that
T : S[xµ]→ S[yµ], T˜ : S[yµ]→ S[xµ], (2.19)
and therefore
T ◦ T˜ = 1. (2.20)
3 T-dualization along arbitrary sub-
set of coordinates T a : S[xµ] →
S[xi, ya]
In this section, we will learn what theory is obtained
if one chooses to apply the T-dualization procedure
to the action (2.5), along arbitrary d coordinates xa,
T a : S[xµ] → S[xi, ya], with T a = ◦dn=1T µn , µn ∈
(0, 1, . . . ,D − 1).
The closed string action in the weakly curved back-
ground (2.3) has a global symmetry (2.8). One localizes
the symmetry for the coordinates xa, by introducing the
gauge fields vaα and substituting the ordinary derivatives
with the covariant derivatives
∂αx
a → Dαxa = ∂αxa + vaα. (3.1)
The covariant derivatives are invariant under standard
gauge transformations
δvaα = −∂αλa. (3.2)
In the case of the weakly curved background, in order to
obtain the gauge invariant action one should additionally
substitute the coordinates xa in the argument of the
background fields with their invariant extension, defined
by
∆xainv ≡
∫
P
dξαDαx
a =
∫
P
(dξ+D+x
a + dξ−D−x
a)
= xa − xa(ξ0) + ∆V a, (3.3)
where
∆V a ≡
∫
P
dξαvaα =
∫
P
(dξ+va+ + dξ
−va−). (3.4)
To preserve the physical equivalence between the gauged
and the original theory, one introduces the Lagrange
multipliers ya and adds term
1
2yaF
a
+− to the Lagrangian,
which will force the field strength F a+− ≡ ∂+va−−∂−va+ =
4
−2F a01 to vanish. In this way, the gauge invariant action
Sinv[x
µ, xainv, ya] =
κ
∫
d2ξ
[
∂+x
iΠ+ij
(
xi,∆xainv
)
∂−x
j
+∂+x
iΠ+ia
(
xi,∆xainv
)
D−x
a
+D+x
aΠ+ai
(
xi,∆xainv
)
∂−x
i
+D+x
aΠ+ab
(
xi,∆xainv
)
D−x
b
+
1
2
(va+∂−ya − va−∂+ya)
]
(3.5)
is obtained, where the last term is equal to 12yaF
a
+− up to
the total divergence. Now, we can fix the gauge taking
xa(ξ) = xa(ξ0) and obtain the gauge fixed action
Sfix[x
i, va±, ya] =
κ
∫
d2ξ
[
∂+x
iΠ+ij
(
xi,∆V a
)
∂−x
j
+∂+x
iΠ+ia
(
xi,∆V a
)
va− + v
a
+Π+ai
(
xi,∆V a
)
∂−x
i
+va+Π+ab
(
xi,∆V a
)
vb− +
1
2
(va+∂−ya − va−∂+ya)
]
.
(3.6)
This action reduces to the initial one for the equations
of motion obtained varying over the Lagrange multipli-
ers. The T-dual action is obtained for the equations of
motion for the gauge fields.
3.1 Regaining the initial action
Varying the gauge fixed action (3.6) over the Lagrange
multipliers ya one obtains the equations of motion
∂+v
a
− − ∂−va+ = 0, (3.7)
which have the solution
va± = ∂±x
a. (3.8)
For this solution the background fields’ argument ∆V a
defined in (3.4) is path independent and reduces to
∆V a(ξ) = xa(ξ)− xa(ξ0). (3.9)
The gauge fixed action (3.6) reduces to the initial action
(2.5), but the background fields’ argument is ∆V a in-
stead of xi. However, the action (2.5) is invariant under
the constant shift of coordinates, so shifting coordinates
by xa(ξ0) one obtains the exact form of the initial action.
3.2 The T-dual action
Using the equations of motion for the gauge fields, we
eliminate them and obtain the T-dual action.
The equations of motion obtained varying the gauge
fixed action (3.6) over the gauge fields va± are
Π±ai
(
xi,∆V a
)
∂∓x
i +Π±ab
(
xi,∆V a
)
vb∓ +
1
2
∂∓ya =
±β±a
(
xi, V a
)
, (3.10)
where
β±a
(
xi, V a
)
= ∓1
2
[
hai(x
i)∂∓x
i + hab(x
i)∂∓V
b
+ hai
(
V a
)
∂∓x
i + hab
(
V a
)
∂∓V
b
]
(3.11)
is the contribution from the background fields’ argu-
ment ∆V a, defined in a same way as in Ref. [17], by
δV Sfix = −κ
∫
d2ξ(β+a δv
a
++β
−
a δv
a
−). If the initial back-
ground Π+µν does not depend on the coordinates x
a, the
corresponding beta functions are zero β±a = 0.
Multiplying Eq. (3.10) by 2κΘ˜ab∓ , defined in (A.7), the
inverse of the background fields composition Π±ab, one
obtains
va∓ = −2κΘ˜ab∓
(
xi,∆V a
)[
Π±bi
(
xi,∆V a
)
∂∓x
i +
1
2
∂∓yb
∓β±b
(
xi, V a
)]
. (3.12)
Substituting (3.12) into the action (3.6), we obtain the
T-dual action
S[xi, ya] =
κ
∫
d2ξ
[
∂+x
iΠ+ij
(
xi,∆V a(xi, ya)
)
∂−x
j
−κ∂+xiΠ+ia
(
xi,∆V a(xi, ya)
)·
·Θ˜ab−
(
xi,∆V a(xi, ya)
)
∂−yb
+κ∂+yaΘ˜
ab
−
(
xi,∆V a(xi, ya)
)·
·Π+bi
(
xi,∆V a(xi, ya)
)
∂−x
i
+
κ
2
∂+yaΘ˜
ab
−
(
xi,∆V a(xi, ya)
)
∂−yb
]
, (3.13)
where
Π+ij ≡ Π+ij − 2κΠ+iaΘ˜ab−Π+bj. (3.14)
In order to find the explicit value of the background
fields argument ∆V a(xi, ya), it is enough to consider the
zeroth order of the equations of motion for the gauge
fields va± (3.12)
v
(0)a
± = −2κΘ˜ab0±
[
Π0∓bi∂±x
(0)i +
1
2
∂±y
(0)
b
]
. (3.15)
Here Θ˜ab0± and Π0∓bi stand for the zeroth order values of
Θ˜ab± and Π∓bi, and they are defined in (A.11).
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Substituting (3.15) into (3.4) we obtain
∆V (0)a(xi, ya) =
−κ
[
Θ˜ab0+Π0−bi + Θ˜
ab
0−Π0+bi
]
∆x(0)i
−κ
[
Θ˜ab0+Π0−bi − Θ˜ab0−Π0+bi
]
∆x˜(0)i
−κ
2
[
Θ˜ab0+ + Θ˜
ab
0−
]
∆y
(0)
b −
κ
2
[
Θ˜ab0+ − Θ˜ab0−
]
∆y˜
(0)
b .
(3.16)
Here
∆y˜(0)a =
∫
P
(dτy(0)′a + dσy˙
(0)
a ),
∆x˜(0)i =
∫
P
(dτx(0)′i + dσx˙(0)i), (3.17)
are the variables T-dual to the coordinates ya and x
i in
the zeroth order in Bµνρ, for bµν = 0, which we call the
double variables.
Thus, we obtain the explicit form of the T-dual ac-
tion and conclude that it is given in terms of the origi-
nal coordinates xi and the dual coordinates ya originat-
ing from the Lagrange multipliers. However, the back-
ground fields’ argument depends not only on these vari-
ables but on their doubles as well. Because of this the
theory is non-local as the double variables x˜i and y˜a are
defined as line integrals.
The action (3.13) can be obtained from the initial ac-
tion (2.5) under the following substitutions of the coor-
dinate derivatives and the background fields:
∂±x
i → ∂±xi , ∂±xa → ∂±ya , (3.18)
Π+ij → •Π+ij, Π+ia → •Π a+i ,
Π+ai → •Πa+i, Π+ab → •Πab+ , (3.19)
where the dual background fields are
•Π+ij = Π+ij,
•Π a+i = −κΠ+ibΘ˜ba− ,
•Πa+i = κΘ˜
ab
−Π+bi,
•Πab+ =
κ
2
Θ˜ab− , (3.20)
with Π+ij , Π+µν and Θ˜
ab
− defined in (3.14), (2.6) and
(A.7). The argument of all T-dual background fields is
[xi, V a(xi, ya)]. According to (3.4) and (3.16), it is non-
local and consequently non-geometric. Calculating the
symmetric and antisymmetric part of the T-dual field
compositions (3.20), we find that the T-dual metric and
Kalb-Ramond field are equal to
•Gij = Gij = Gij −Gia(G˜−1E )abGbj
−2κ
(
Biaθ˜
abGbj +Giaθ˜
abBbj
)
− 4Bia(G˜−1E )abBbj ,
•Bij = Bij = Bij − κ
2
Giaθ˜
abGbj −Bia(G˜−1E )abGbj
−Gia(G˜−1E )abBbj − 2κBiaθ˜abBbj ,
•Gab = (G˜−1E )
ab,
•Bab =
κ
2
θ˜ab,
•Gai = κθ˜
abGbi + 2(G˜
−1
E )
abBbi,
•Bai = κθ˜
abBbi +
1
2
(G˜−1E )
abGbi, (3.21)
where G˜Eab and θ˜
ab are defined in (A.6) and (A.10). The
T-dual background fields have the same form as in the
flat background [1, 5, 24] but in the present case fields
Bµν , G˜
−1ab
E and θ˜
ab are coordinate dependent.
Comparing the solutions for the gauge fields (3.8) and
(3.12), we obtain the T-dual coordinate transformation
law
∂∓x
a ∼= −2κΘ˜ab∓
(
xi,∆V a(xi, ya)
)·
·
[
Π±bi
(
xi,∆V a(xi, ya)
)
∂∓x
i +
1
2
∂∓yb
∓β±b
(
xi, V a(xi, ya)
)]
. (3.22)
4 Inverse T-dualization Ta :
S[xi, ya]→ S[xµ]
In this section we will show that T-dualization of the
action S[xi, ya], given by (3.13), along already treated
directions ya leads to the original action.
So, let us localize the global symmetry of the coordi-
nates ya
δya = λa, (4.1)
of the action (3.13). Note that this is the symmetry,
despite the coordinate dependence of the metric (3.21),
due to the invariance of the background fields’ argument
[17]. Following the T-dualization procedure, we substi-
tute the ordinary derivatives with the covariant ones
D±ya = ∂±ya + u±a, (4.2)
where u±a are gauge fields which transform as δu±a =
−∂±λa. We also substitute coordinates ya in the back-
ground fields’ argument with the invariant coordinates
yinva =
∫
P
(dξ+D+ya + dξ
−D−ya)
= ya(ξ)− ya(ξ0) + ∆Ua, (4.3)
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where
∆Ua =
∫
P
(dξ+u+a + dξ
−u−a). (4.4)
In this way, adding the Lagrange multiplier term which
makes the introduced gauge fields nonphysical, we ob-
tain the gauge invariant action
Sinv[x
i, ya, y
inv
a , z
a] =
κ
∫
d2ξ
[
∂+x
iΠ+ij
(
xi,∆V a(xi, yinva )
)
∂−x
j
−κ∂+xiΠ+ia
(
xi,∆V a(xi, yinva )
)·
·Θ˜ab−
(
xi,∆V a(xi, yinva )
)
D−yb
+κD+yaΘ˜
ab
−
(
xi,∆V a(xi, yinva )
)·
·Π+bi
(
xi,∆V a(xi, yinva )
)
∂−x
i
+
κ
2
D+yaΘ˜
ab
−
(
xi,∆V a(xi, yinva )
)
D−yb
+
1
2
(u+a∂−z
a − u−a∂+za)
]
, (4.5)
which after fixing the gauge by ya(ξ) = ya(ξ0) becomes
Sfix[x
i, u±a, z
a] =
κ
∫
d2ξ
[
∂+x
iΠ+ij
(
xi,∆V a(xi,∆Ua)
)
∂−x
j
−κ∂+xiΠ+ia
(
xi,∆V a(xi,∆Ua)
)·
·Θ˜ab−
(
xi,∆V a(xi,∆Ua)
)
u−b
+κu+aΘ˜
ab
−
(
xi,∆V a(xi,∆Ua)
)·
·Π+bi
(
xi,∆V a(xi,∆Ua)
)
∂−x
i
+
κ
2
u+aΘ˜
ab
−
(
xi,∆V a(xi,∆Ua)
)
u−b
+
1
2
(u+a∂−z
a − u−a∂+za)
]
, (4.6)
where ∆V a is defined in (3.16) and ∆Ua in (4.4).
4.1 Regaining the T-dual action
The equations of motion obtained varying the gauge
fixed action (4.6) over the Lagrange multipliers za
∂+u−a − ∂−u+a = 0, (4.7)
have the solution
u±a = ∂±ya. (4.8)
On this solution the variable ∆Ua defined by (4.4) is
path independent and reduces to
∆Ua(ξ) = ya(ξ)− ya(ξ0), (4.9)
and the gauge fixed action (4.6) reduces to the action
(3.13).
4.2 Regaining the initial action
The equations of motion obtained varying the gauge
fixed action (4.6) over the gauge fields u±a are
κΘ˜ab∓
(
xi,∆V a(xi,∆Ua)
) ·
·
[1
2
u∓b +Π±bi
(
xi,∆V a(xi,∆Ua)
)
∂∓x
i
]
+
1
2
∂∓z
a =
= ±κΘ˜ab0∓β±b
(
xi, V a(xi, Ua)
)
, (4.10)
where terms Θ˜ab0∓β
±
b are the contribution from the vari-
ation over the background field argument
δUSfix = −κ2
∫
d2ξ
(
δu+aΘ˜
ab
0−β
+
b + δu−aΘ˜
ab
0+β
−
b
)
.
(4.11)
Here β±a is of the same form as (3.11) and Θ˜
ab
0∓ is defined
in (A.11).
Let us show that for the equations of motion (4.10),
the gauge fixed action (4.6) will reduce to the initial ac-
tion (2.5). Using the fact that Θ˜ab∓ is inverse to 2κΠ±ab,
these equations of motion can be rewritten as
u∓a = −2Π±ai
(
xi,∆V a(xi,∆Ua)
)
∂∓x
i
− 2Π±ab
(
xi,∆V a(xi,∆Ua)
)
∂∓z
b
± 2β±a
(
xi, V a(xi, Ua)
)
. (4.12)
Substituting (4.12) into (4.6), using the definition (3.14)
and the first relation in (A.22) one obtains
S[xi, za] =
κ
∫
Σ
d2ξ
[
∂+x
iΠ+ij∂−x
j + ∂+x
iΠ+ia∂−z
a
+ ∂+z
aΠ+ai∂−x
i + ∂+z
aΠ+ab∂−z
b
]
. (4.13)
The explicit form of the argument of the background
fields is obtained substituting the zeroth order of Eq.
(4.12) into (4.4)
U (0)a = −2baix(0)i+Gaix˜(0)i−2babz(0)b+Gabz˜(0)b. (4.14)
Consequently, the argument of the background fields
∆V a, defined in (3.16), is just
V (0)a(xi, Ua) = z
a. (4.15)
Therefore, the action (4.13) is equal to the initial action
(2.5) with xµ = (xi, za).
Comparing the solutions for the gauge fields (4.8) and
(4.12), we obtain the T-dual transformation law
∂∓ya ∼= −2Π±ai(xi, za)∂∓xi − 2Π±ab(xi, za)∂∓zb
±2β±a
(
xi, za
)
. (4.16)
Substituting ∂∓ya to (3.22) with the help of (4.15) one
finds ∂±x
a = ∂±z
a. So, (4.16) is the transformation
inverse to (3.22), which confirms the relation T a◦Ta = 1.
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5 T-dualization along all undualized
coordinates T i : S[xi, ya]→ S[yµ]
In this section we will T-dualize the action (3.13), apply-
ing the T-dualization procedure to the undualized coor-
dinates xi. Substituting the ordinary derivatives ∂±x
i
with the covariant derivatives
D±x
i = ∂±x
i + wi±, (5.1)
where the gauge fields wi± transform as δw
i
± = −∂±λi,
substituting the coordinates xi in the background field
arguments by
∆xiinv =
∫
P
(dξ+D+x
i + dξ−D−x
i), (5.2)
and adding the Lagrange multiplier term, we obtain the
gauge invariant action
Sinv[x
i, xiinv, y] =
κ
∫
d2ξ
[
D+x
iΠ+ij
(
∆xiinv,∆V
a(∆xiinv, ya)
)
D−x
j
−κD+xiΠ+ia
(
∆xiinv,∆V
a(∆xiinv, ya)
)·
·Θ˜ab−
(
∆xiinv,∆V
a(∆xiinv, ya)
)
∂−yb
+κ∂+yaΘ˜
ab
−
(
∆xiinv,∆V
a(∆xiinv, ya)
)·
·Π+bi
(
∆xiinv,∆V
a(∆xiinv, ya)
)
D−x
i
+
κ
2
∂+yaΘ˜
ab
−
(
∆xiinv,∆V
a(∆xiinv, ya)
)
∂−yb
+
1
2
(wi+∂−yi − wi−∂+yi)
]
. (5.3)
Substituting the gauge fixing condition xi(ξ) = xi(ξ0)
one obtains
Sfix[x
i, wi±, y] =
κ
∫
d2ξ
[
wi+Π+ij
(
∆W
)
wj−
−κwi+Π+ia
(
∆W
)
Θ˜ab−
(
∆W
)
∂−yb
+κ∂+yaΘ˜
ab
−
(
∆W
)
Π+bi
(
∆W
)
wi−
+
κ
2
∂+yaΘ˜
ab
−
(
∆W
)
∂−yb
+
1
2
(wi+∂−yi − wi−∂+yi)
]
, (5.4)
where ∆W µ =
[
∆W i,∆V a(∆W i, ya)
]
with ∆W i de-
fined by
∆W i ≡
∫
P
(dξ+wi+ + dξ
−wi−), (5.5)
and ∆V a = ∆V a(∆W i, ya) is defined in (3.16), where
argument xi is replaced by ∆W i.
5.1 Regaining the T-dual action
The equations of motion for the Lagrange multipliers yi
are
∂+w
i
− − ∂−wi+ = 0, (5.6)
and they have the solution
wi± = ∂±x
i. (5.7)
For this solution the background field argument ∆W i
defined in (5.5) reduces to
∆W i(ξ) = xi(ξ)− xi(ξ0), (5.8)
so that the argument ∆V a becomes
∆V a(∆W i, ya) = ∆V a(xi, ya), (5.9)
and therefore the gauge fixed action (5.4) reduces to the
action (3.13).
5.2 From the gauge fixed action to the com-
pletely T-dual action
The equations of motion obtained varying the gauge
fixed action (5.4) over wi± are
Π±ij(∆W )w
j
∓ − κΠ±ia(∆W )Θ˜ab∓ (∆W )∂∓yb +
1
2
∂∓yi
= ±2κΠ±ijΘjµ∓ β±µ (W ), (5.10)
where
β±µ (V ) = ∓
1
2
hµν(V )∂∓V
ν . (5.11)
Terms Π±ijΘ
jµ
∓ β
±
µ (W ) are the contribution from the
background fields argument, defined by
δUSfix =
−2κ2
∫
d2ξ
(
δwi+Π+ijΘ
jµ
− β
+
µ + δw
i
−Π−ijΘ
jµ
+ β
−
µ
)
,
(5.12)
calculated using (A.15), (A.16), and (3.16).
Using the fact that the background field composition
Π±ij is invese to 2κΘ
ij
∓ defined by (A.22), we can rewrite
the equation of motion (5.10) expressing the gauge fields
as
wi∓ = 2κΘ
ij
∓(∆W )
[
κΠ±ja(∆W )Θ˜
ab
∓ (∆W )∂∓yb
−1
2
∂∓yj
]
± 2κΘiµ0±β±µ (W ). (5.13)
Using the second relation in (A.23), we obtain
wi∓ = −κΘiµ∓ (∆W )
[
∂∓yµ ∓ 2β±µ (W )
]
. (5.14)
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Substituting (5.14) into the gauge fixed action (5.4),
we obtain
S[y] =
κ
∫
d2ξ
[
∂+yi
(
κΘij− − κ2Θik−Π+klΘlj−
)
∂−yj
+
(
− κ2Θij−Π+jkΘka− +
κ
2
Θia− − κ2Θij−Π+jbΘ˜ba−
)
·
·∂+yi ∂−ya
+
(
− κ2Θaj−Π+jkΘki− +
κ
2
Θai− − κ2Θ˜ab−Π+bjΘji−
)
·
·∂+ya ∂−yi
+∂+ya
(κ
2
Θ˜ab− − κ2Θai−Π+ijΘjb−
−κ2Θai−Π+icΘ˜cb− − κ2Θ˜ac−Π+ciΘib−
)
∂−yb
]
. (5.15)
Using (A.22), (A.27), and (A.29) one can rewrite this
action as
S[y] =
κ2
2
∫
d2ξ ∂+yµΘ
µν
−
(
∆W
)
∂−yν . (5.16)
In order to find the background fields argument ∆W i,
we consider the zeroth order of Eqs. (5.14), and conclude
that
∆W i = −κθiµ0 ∆yµ + (g−1)iµ∆y˜µ. (5.17)
Using (A.28) and (A.23), we find that ∆V a(∆W i, ya)
defined in (3.16) equals
∆V a(∆W i, ya) = −κθaµ0 ∆yµ + (g−1)aµ∆y˜µ. (5.18)
Therefore, we conclude that the background fields’ ar-
gument is equal to (2.15), so that the action (5.16) is the
completely T-dual action (2.11), which is in agreement
with Ref. [17]. Comparing the solutions for the gauge
fields (5.7) and (5.14), we obtain the T-dual transforma-
tion law
∂∓x
i ∼= −κΘiµ∓
(
∆V (y)
)[
∂∓yµ ∓ 2β±µ
(
V (y)
)]
. (5.19)
One can verify that two successive T-duality trans-
formations (3.22) and (5.19) correspond to the total
T-duality transformation (2.17). Indeed, the relation
(5.19) is just the ith component of this transformation.
Substituting ∂±x
i from (5.19) into (3.22), using (A.25)
and (A.29), we obtain
∂±x
a = −κΘaµ±
(
∆V
)[
∂±yµ ± 2β∓µ
(
V
)]
,
which is just the ath component of the complete T-
duality transformation. So, we confirm that T a◦T i = T .
6 Inverse T-dualization along arbi-
trary subset of the dual coordi-
nates Ti : S[yµ]→ S[xi, ya]
Finally, in this section we will show that the T-dua-
lization of the completely T-dual action (2.11), along
arbitrary subset of the dual coordinates yi leads to T-
dual action (3.13). So, let us start with the T-dual action
S[y] =
κ2
2
∫
d2ξ ∂+yµΘ
µν
−
(
∆V (y)
)
∂−yν, (6.1)
which is globally invariant to the constant shift of coor-
dinates yµ
δyµ = λµ. (6.2)
We localize this symmetry for the coordinates yi and
obtain the locally invariant action
Sinv[y, y
inv
i , z
i] =
κ2
2
∫
d2ξ
[
D+yiΘ
ij
−
(
∆V (yinvi , ya)
)
D−yj
+D+yiΘ
ia
−
(
∆V (yinvi , ya)
)
∂−ya
+∂+yaΘ
ai
−
(
∆V (yinvi , ya)
)
D−yi
+∂+yaΘ
ab
−
(
∆V (yinvi , ya)
)
∂−yb
+
1
κ
(u+i∂−z
i − u−i∂+zi)
]
, (6.3)
where D±yi = ∂±yi + u±i are the covariant deriva-
tives. The gauge fields u±i transform as δu±i = −∂±λi
and the invariant coordinates are defined by yinvi =∫
P
(dξ+D+yi + dξ
−D−yi). After fixing the gauge by
yi(ξ) = yi(ξ0), the action becomes
Sfix[ya, u±i, z
i] =
κ2
2
∫
d2ξ
[
u+iΘ
ij
−
(
∆V (∆Ui, ya)
)
u−j
+u+iΘ
ia
−
(
∆V (∆Ui, ya)
)
∂−ya
+∂+yaΘ
ai
−
(
∆V (∆Ui, ya)
)
u−i
+∂+yaΘ
ab
−
(
∆V (∆Ui, ya)
)
∂−yb
+
1
κ
(u+i∂−z
i − u−i∂+zi)
]
, (6.4)
where ∆Ui =
∫
P
(dξ+u+i + dξ
−u−i).
6.1 Regaining the T-dual action
The equations of motion obtained varying the gauge
fixed action (6.4) over the Lagrange multipliers
∂+u−i − ∂−u+i = 0, (6.5)
have the solution
u±i = ∂±yi. (6.6)
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On this solution the variable ∆Ui reduces to
∆Ui(ξ) = yi(ξ)− yi(ξ0), (6.7)
and therefore
∆V µ(∆Ui, ya) = ∆V
µ(y). (6.8)
So, the action (6.4) becomes the action (6.1).
6.2 Obtaining the T-dual action
The equations of motion obtained varying the action
(6.4) over u±i are
κΘij∓
(
∆V (∆Ui, ya)
)
u∓j + κΘ
ia
∓
(
∆V (∆Ui, ya)
)
∂∓ya
+∂∓z
i = ±2κΘiµ0∓β±µ
(
V (Ui, ya)
)
, (6.9)
where β±µ are given by (5.11). The terms with beta
function come from the variation over the argument Ui
δUSfix = −κ2
∫
d2ξ
(
δu+iΘ
iµ
0−β
+
µ + δu−iΘ
iµ
0+β
−
µ
)
,
(6.10)
and are calculated using (A.15) and (2.15). Using the
fact that 2κΠ∓ij is the inverse of Θ
ij
±, the equation (6.9)
can be rewritten as
u∓i = −2Π±ij
(
∆V (∆Ui, ya)
)[
κΘja∓
(
∆V (∆Ui, ya)
)·
·∂∓ya + ∂∓zj ∓ 2κΘjµ0∓β±µ
(
V (Ui, ya)
)]
. (6.11)
Substituting (6.11) into the gauge fixed action (6.4), us-
ing (A.25) we obtain
S[zi, ya] =
κ2
2
∫
d2ξ
[2
κ
∂+z
iΠ+ij∂−z
j + 2∂+z
iΠ+ijΘ
jb
−∂−yb
−2∂+yaΘai−Π+ij∂−zj + ∂+yaΘ˜ab− ∂−yb
]
, (6.12)
which with the help of (A.29) becomes
S[zi, ya] =
κ2
2
∫
d2ξ
[2
κ
∂+z
iΠ+ij∂−z
j
−2∂+ziΠ+iaΘ˜ab− ∂−yb + 2∂+yaΘ˜ab−Π+bj∂−zj
+∂+yaΘ˜
ab
− ∂−yb
]
. (6.13)
In order to find the argument of the background fields
∆V (∆Ui, ya), one considers the zeroth order of the equa-
tions (6.11) and obtains
∆U
(0)
i = −
[
Π0+ij +Π0−ij
]
∆z(0)j
+
[
Π0+ij −Π0−ij
]
∆z˜(0)j
− κ
[
Π0+ijΘ
ja
0− +Π0−ijΘ
ja
0+
]
∆y(0)a
+ κ
[
Π0+ijΘ
ja
0− −Π0−ijΘja0+
]
∆y˜(0)a ,(6.14)
where the double variables are defined in analogy with
(3.17). Substituting (6.14) into (2.15), we obtain
∆V i(∆Ui, ya) = ∆z
i, (6.15)
and
∆V a(∆Ui, ya) = −κ
[
Θ˜ab0+Π0−bi + Θ˜
ab
0−Π0+bi
]
∆z(0)i
− κ
[
Θ˜ab0+Π0−bi − Θ˜ab0−Π0+bi
]
∆z˜(0)i
− κ
2
[
Θ˜ab0+ + Θ˜
ab
0−
]
∆y
(0)
b
− κ
2
[
Θ˜ab0+ − Θ˜ab0−
]
∆y˜
(0)
b , (6.16)
which is exactly (3.16) with zi = xi. So, we can con-
clude that the action (6.13) is equal to the T-dual action
(3.13).
Comparing the solutions for the gauge fields (6.6) and
(6.11), we obtain the T-dual transformation law
∂∓yi ∼= −2Π±ij
(
∆zi,∆V a(∆Ui(z
i, ya), ya)
)·
·
[
κΘja∓
(
∆zi,∆V a(∆Ui(z
i, ya), ya)
)
∂∓ya + ∂∓z
j
∓2κΘjµ0∓β±µ
(
zi, V a(Ui(z
i, ya), ya)
)]
. (6.17)
These transformations are inverse to (5.19), so that T i ◦
Ti = 1. Successively applying (6.17) and (4.16), using
(A.29) and (A.25), we obtain the ith component of the
inverse law of the total T-dualization (2.18). Its ath
component is (4.16), so we confirm that Ta ◦ Ti = T˜ .
7 Group of the T-dual transforma-
tion laws
In this section we will recapitulate the coordinate trans-
formation laws between the theories considered. In Sect.
3, we performed T-dualization procedure along coordi-
nates xa
T a : S[xµ]→ S[xi, ya], (7.1)
and obtained the following coordinate transformation
law (3.22)
∂∓x
a ∼= −2κΘ˜ab∓
(
xi,∆V a(xi, ya)
) ·
·
[
Π±bi
(
xi,∆V a(xi, ya)
)
∂∓x
i +
1
2
∂∓yb
∓β±b
(
xi, V a(xi, ya)
)]
(7.2)
where V a and β±a are given by (3.16) and (3.11). In the
zeroth oder this law implies
x(0)a ∼= V (0)a(xi, ya). (7.3)
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In Sect. 4, starting from the action S[xi, ya] we per-
formed T-dualization procedure along coordinates ya
Ta : S[xi, ya]→ S[xµ], (7.4)
and obtained the transformation law (4.16)
∂∓ya ∼= −2Π±aµ(x)∂∓xµ ± 2β±a (x), (7.5)
which is the law inverse to (7.2) and in the zeroth order
it implies
y(0)a
∼= U (0)a (x). (7.6)
Multiplying the transformation law (7.2) from the left
side by Π±ca(x) ∼= Π±ca
(
xi,∆V a(xi, ya)
)
, using (7.3),
we obtain the transformation law (7.5). So, we confirm
that T a ◦ Ta = 1.
In Sect. 5, starting once again from the action
S[xi, ya], we performed T-dualization procedure along
the undualized coordinates xi
T i : S[xi, ya]→ S[yµ], (7.7)
and obtained the coordinate transformation law (5.19)
∂∓x
i ∼= −κΘiµ∓
(
∆V (y)
)[
∂∓yµ ∓ 2β±µ
(
V (y)
)]
, (7.8)
where V µ and β±µ are given by (2.15) and (5.11). In the
zeroth order it gives
x(0)i ∼= V (0)i(y). (7.9)
The two successive T-duality transformations (7.2) and
(7.8) give the complete transformation (2.17), so that
T a ◦ T i = T .
In Sect. 6, starting from the completely T-dual ac-
tion S[y], we performed T-dualization procedure along
coordinates yi
Ti : S[yµ]→ S[xi, ya], (7.10)
and obtained (6.17)
∂∓yi ∼= −2Π±ij
(
∆xi,∆V a(∆Ui(x
i, ya), ya)
) ·
·
[
κΘja∓
(
∆xi,∆V a(∆Ui(x
i, ya), ya)
)
∂∓ya + ∂∓x
j
∓2κΘjµ0∓β±µ
(
xi, V a(Ui(x
i, ya), ya)
)]
, (7.11)
with V a, Ui and β
±
µ given by (5.18), (6.14) and (5.11).
In the zeroth order this law implies
y
(0)
i
∼= U (0)i (xi, ya). (7.12)
Multiplying (7.11) from the left by
Θki∓
(
∆xi,∆V a(y)
) ∼= Θki∓(∆xi,∆V a(∆Ui(xi, ya), ya)),
using (7.9), we obtain the transformation law (7.8), so
that T i ◦ Ti = 1. Successively applying (7.11) and (7.5),
using (A.29) and (A.25), we obtain the ith component of
the inverse law of the complete T-dualization (2.18). Its
ath component is (7.5), so we confirm that Ta ◦ Ti = T˜ .
We can conclude that the elements 1,T a and Ta, with
d = 1, . . . ,D, form an Abelian group. The element T a
is the inverse of the element Ta.
8 Dilaton field in the weakly curved
background
The T-duality transformation of the dilaton field in the
weakly curved background was considered in Ref.[25].
For completeness and further use, we give here a brief
recapitulation of some basic steps of the treatment.
It is well known that a dilaton transformation has a
quantum origin. So, let us start with the path integral
for the gauge fixed action
Z =
∫
dvµ+dv
µ
−dyµe
iSfix(v±,∂±y) , (8.1)
where
Sfix(v±, ∂±y) = S0 + S1 , (8.2)
with S1 being the infinitesimal part of the action
S0 = κ
∫
d2ξ[vµ+Π0+µνv
ν
− +
1
2
(vµ+∂−yµ − vµ−∂+yµ)] ,
S1 = κ
∫
d2ξ vµ+hµν(V )v
ν
− . (8.3)
For a constant background (S1 = 0) the path integral
is Gaussian and it equals (detΠ0+µν)
−1. In our case
the background is coordinate dependent and thus the
integral is not Gaussian. The fact that we work with an
infinitesimal parameter enables us to show that the final
result is formally the same as in the flat case [25]
Z =
∫
dyµ
1
det(Π+µν(V ))
ei
⋆S(y) , (8.4)
where ⋆S(y) = κ
2
2
∫
d2ξ ∂+yµΘ
µν
− (V )∂−yν is the com-
plete T-dual action and Π+µν(V ) = Bµν(V ) +
1
2Gµν .
Consequently, although for the weakly curved back-
ground the functional integration over v± is of the third
degree, it produces formally the same result as in the
flat space (where the action is Gaussian),
•Φ = Φ− ln det
√
2Π+ab . (8.5)
Using the expressions for T-dual fields (3.20) we can
find the relations between the determinants
det(2Π±ab) =
1
det(2 •Πab± )
=
√
detGab
det •Gab
=
√
detGµν
det •Gµν
, (8.6)
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where because of the relation Π±ab = Bab ± 12Gab we
put in the factor 2 for convenience. The symbol •Gµν
denotes metric in the whole space-time after partial T-
dualization along xa directions. With the help of last
relation we can show that the change of space-time mea-
sure in the path integral is correct√
detGµν dx
idxa →
√
detGµν dx
i 1
det(2Π+ab)
dya
=
√
det •Gµν dx
idya , (8.7)
when we performed T-dualization T a along xa direc-
tions.
9 Comparison with the existing facts
9.1 T-dualization chain for the background
with H flux
In this section we will compare our results with the T-
dualization chain of Ref. [15]. The coordinates of the
D = 3-dimensional torus will be denoted by x1, x2, x3.
Because of the different notation, the background fields
considered in this paper and those considered in [15],
which will be denoted G and B, are related by
Bµν = −2Bµν , Gµν = Gµν , µ, ν = 1, 2, 3. (9.1)
Nontrivial components of the background considered
in Ref.[15] are
Gµν = δµν , B12 = Hx3 , (9.2)
which in our notation corresponds to the background
fields
Gµν = δµν , B12 = −1
2
Hx3. (9.3)
Let us first compare the results in the case d = 1,
corresponding to the transition
T 1 : torus with H−flux → twisted torus .
To do so, let us perform T-dualization along direction
x1, T 1 : S[x]→ S[y1, x2, x3], for the string moving in the
background (9.3). The indices take the values a, b ∈ {1}
and i, j ∈ {2, 3}. Because the only nontrivial compo-
nent of the Kalb-Ramond field is Bai = −12Hx3δi2 , the
effective fields are just G˜Eµν = δµν and θ˜
ab = 0. So, the
T-dual background fields (3.21), in the linear order in
H, are
•Gij = δij ,
•Bij = 0,
•Gab = δab, •Bab = 0,
•Gai = −Hx3δi2, •Bai = 0. (9.4)
Therefore
•Gµν =
 1 −Hx3 0−Hx3 1 0
0 0 1
 = •Gµν , (9.5)
and
•Bµν = 0 =
•Bµν , (9.6)
so our result is in agreement with that of Ref. [15].
Now, let us make the comparison in the case d = 2
which corresponds to the transition
T 1 ◦ T 2 : torus with H−flux → Q−flux non−geometry .
Instead to perform T 2 dualization, from twisted torus
to Q-flux non-geometry as in [15], we will start from the
initial background with H-flux and perform T-dualiza-
tions along x1 and x2, T 1 ◦ T 2 : S[x] → S[y1, y2, x3].
The indices take the values a, b ∈ {1, 2} and i, j ∈ {3}.
Because the only nontrivial contribution to the Kalb-
Ramond field Bab is B12 = −12Hx3, the effective back-
ground fields are G˜Eab = δab, G¯
E
ij = δij and the only
nonzero component of θ˜ab is θ˜12 = 1
κ
Hx3. The T-dual
background fields linear in H are therefore
•Gij = δij ,
•Gab = δab , •Gai = 0, (9.7)
and
•Bij = 0 ,
•B12 =
1
2
Hx3 , •Bai = 0. (9.8)
Consequently
•Gµν =
 1 0 00 1 0
0 0 1
 = •Gµν , (9.9)
•Bµν = −2 •Bµν =
 0 −Hx3 0Hx3 0 0
0 0 0
 , (9.10)
so the results of this paper and [15] in this case coincide.
9.2 Non-associativity of R-flux background
and breaking of Jacobi identity
In Ref. [17, 18] we obtained T-dual transformation laws
connecting T-dual coordinates yµ with the initial co-
ordinates xµ. Here we will reduce our case to the 3-
dimensional torus with H-flux considered in [8]. Then,
the full T-dualization along all coordinates corresponds
to the so-called R-flux. So, we are going to calculate
its characteristic features: nonassociativity relation and
breaking of Jacobi identity.
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We will work in the background of Sect. 9.1 consist-
ing of euclidean flat metric Gµν and Kalb-Ramond field
with one nontrivial component B12 = −12Hx3. T-dual
transformation laws for coordinates yµ (µ = 1, 2, 3) are
of the form
y′1
∼= 1
κ
π1 +
1
2
Hx3x′2 , (9.11)
y′2
∼= 1
κ
π2 − 1
2
Hx3x′1 , (9.12)
y′3
∼= 1
κ
π3 , (9.13)
where π1 , π2 π3 are canonically conjugated momenta for
coordinates x1 , x2 , x3, respectively. Initial space is geo-
metric one, so, the standard Poisson algebra is satisfied
{xµ(σ), πν(σ¯)} = δµνδ(σ − σ¯) ,
{xµ, xν} = {πµ, πν} = 0 . (9.14)
From (9.11)-(9.13) we obtain
{y′µ(σ), y′ν(σ¯)} = −
1
2κ
Hεµνρx
′ρδ(σ − σ¯) , (9.15)
which, after two partial integrations, produces
{yµ(σ), yν(σ¯)} = 1
2κ
Hεµνρ [x
ρ(σ)− xρ(σ¯)] θ(σ − σ¯) ,
(9.16)
where εµνρ is 3-dimensional Levi-Civita tensor (ε123 = 1)
and the function θ(σ) is defined as
θ(σ) ≡

0 if σ = 0
1/2 if 0 < σ < 2π, σ ∈ [0, 2π].
1 if σ = 2π
(9.17)
Using standard Poisson algebra (9.14) and transforma-
tion laws (9.11)-(9.13), after one partial integration, we
get
{{yµ(σ1), yν(σ2)}, yρ(σ3)}
=
1
2κ2
Hεµνρ [θ(σ2 − σ1)θ(σ1 − σ3)
+ θ(σ1 − σ2)θ(σ2 − σ3)] , (9.18)
Now we have all ingredients to calculate the nonasso-
ciativity relation
{{yµ(σ1), yν(σ2)}, yρ(σ3)}
−{yµ(σ1), {yν(σ2), yρ(σ3)}} =
1
2κ2
Hεµνρ [2θ(σ3 − σ2)θ(σ2 − σ1)
+ θ(σ1 − σ3)θ(σ3 − σ2)
+ θ(σ3 − σ1)θ(σ1 − σ2)] (9.19)
and breaking of Jacobi identity
{yµ(σ1), yν(σ2), yρ(σ3)} ≡
{{yµ(σ1), yν(σ2)}, yρ(σ3)}
+{{yν(σ2), yρ(σ3)}, yµ(σ1)}
+{{yρ(σ3), yµ(σ1)}, yν(σ2)} =
1
κ2
Hεµνρ [θ(σ1 − σ2)θ(σ2 − σ3)
+ θ(σ3 − σ1)θ(σ1 − σ2)
+ θ(σ2 − σ3)θ(σ3 − σ1)] . (9.20)
For example, for σ1 = 2π + σ and σ2 = σ3 = σ one has
{yµ(2π + σ), yν(σ), yρ(σ)} = − 1
κ2
Hεµνρ . (9.21)
In approach of this article, the background of the T-
dual theory depends on the non-local variable V µ which
incorporates main features of the non-geometric spaces.
Reducing our procedure to three dimensions and using
the backgrounds of Refs. [8, 15, 26], we showed that
our structure of arguments of background fields proves
the proposal of Refs. [8, 26] that non-associativity and
breaking of Jacobi identity are features of R-flux back-
ground.
9.3 Critical surface
Let us generalize the discussion of Ref. [19] where the
critical surface, which separates equivalent sections of
background fields, generalizes the critical radius. Using
the dilaton field analysis, namely the relation (8.6), we
can conclude that T-duality maps the theories with a
given
det(2Π±ab)
into the theories with
1/det(2Π±ab),
so that all different theories are in the region
det(2Π±ab) ≤ 0.
The theories which background fields satisfy the condi-
tion det(2Π±ab) = 1, are mapped into each other under
T-duality. This is a generalization of the critical radius
and can be consider as a critical surface. So, relation
(8.6) implies
√
detGab =
√
det •Gab, which means that
a dual volume is equal to the initial one. At the critical
surface the extended symmetry should be expected.
Let us, following [19], give an example of the rela-
tion between the original and T-dual background fields.
We will consider the initial background in 4-dimensional
torus T 4 given by
Gµν = gδµν , Bµν = b
iEiµν , (9.22)
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where
E1 =

0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0
 ,
E2 =

0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0
 ,
E3 =

0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0
 , (9.23)
satisfies
EiEj = −δijI + εijkEk, ε123 = 1. (9.24)
The zero modes of the T-dual metric and T-dual Kalb-
Ramond field (2.14) for the initial fields (9.22) are
⋆Gµν = (G−1E )
µν =
g
g2 + b2
I, (9.25)
and
⋆Bµν =
κ
2
θµν = −1
2
bi
g2 + b2
Ei, (9.26)
with b2 = bibi. They have the same form as the initial
fields (9.22)
⋆Gµν =
⋆gδµν ,
⋆Bµν =
⋆biEiµν , (9.27)
with
⋆g =
g
g2 + b2
, ⋆b = − b
i
g2 + b2
. (9.28)
One easily shows
⋆g2 + ⋆b2 =
1
g2 + b2
. (9.29)
In spheric coordinates one has
(g, b1, b2, b3) = (r cos θ, r sin θ cosϕ,
r sin θ sinϕ cosϕ1, r sin θ sinϕ sinϕ1), (9.30)
so g2 + b2 = r2 and using (9.28) one obtains
(⋆g, ⋆b1, ⋆b2, ⋆b3) = (
1
r
cos θ,−1
r
sin θ cosϕ,
−1
r
sin θ sinϕ cosϕ1,−1
r
sin θ sinϕ sinϕ1).
(9.31)
Therefore, T-duality transforms (r, θ, ϕ, ϕ1) to
(⋆r, ⋆θ, ⋆ϕ, ⋆ϕ1) = (
1
r
,−θ, ϕ, ϕ1). (9.32)
From the relation Π±G
−1Π∓ = −14GE we find
det(2Π±µν) =
g2
⋆g2
= (g2 + b2)2 = r4 . (9.33)
Backgrounds corresponding to r = 1 are mapped into
themselves. The subset of this is the fixed surface with
the condition
det(2Π±µν) = r
4 = 1 , θ = 0
or g = 1, bi = 0.
10 Conclusion
In this paper, we considered the closed string propagat-
ing in the weakly curved background (2.3), composed of
a constant metric Gµν and a linearly coordinate depen-
dent Kalb-Ramond field Bµν , with an infinitesimal field
strength. We investigated the application of the gener-
alized T-dualization procedure on the arbitrary set of
coordinates and obtained the following T-duality dia-
gram:
S[xµ]
✲
S[yµ].✛
S[xi, ya]
 
 
 
 
 
 ✒ 
 
 
 
 
 ✠
❅
❅
❅
❅
❅
❅❘❅
❅
❅
❅
❅
❅■
T a Ta T iTi
T
T˜
Let us stress that generalized T-dualization procedure
enables the T-dualization along arbitrary direction, even
if the background fields depend on these directions. The
consequence of this procedure is that the arguments of
the background fields, such as ∆V a, are non-local. They
are non-local by definition, as they are the line integrals
of the gauge fields. Once the explicit form is obtained
the non-locality is seen in a fact that they depend on
double coordinates x˜ and y˜, which are the line integrals
of the τ and σ derivatives of the original coordinates.
To all the theories considered, except the initial theory,
there corresponds the non-geometric, non-local flux.
The generalized T-dualization procedure was first ap-
plied along arbitrary d (d = 1, . . . ,D − 1) coordinates
xa = {xµ1 , . . . , xµd}. We obtained the T-dual action
S[xi, ya], given by eq. (3.13) with the dual background
fields equal to
•Π+ij = Π+ij ,
•Π a+i = −κΠ+ibΘ˜ba− ,
•Πa+i = κΘ˜
ab
−Π+bi,
•Πab+ =
κ
2
Θ˜ab− . (10.1)
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The argument of all background fields, [xi, V a(xi, ya)],
depends nonlinearly on coordinates xi, ya through their
doubles x˜i, y˜a [see (3.16) and (3.17)]. All actions S[x
i, ya]
are physically equivalent, but are described with coordi-
nates xi = {xµd+1 , . . . , xµD}, for the untreated directions
and dual coordinates ya = {yµ1 , . . . , yµd}, for the dual-
ized directions. The case d = D corresponds to the com-
pletely T-dual action with the T-dual fields κ2Θ
µν
−
(
V (y)
)
and the case d = 0 to the initial action with the back-
ground Π+µν(x).
Applying the procedure to the T-dual action along
dual directions ya = {yµ1 , . . . , yµd} we obtained the
initial theory, and applying it to the untreated direc-
tions xi = {xµd+1 , . . . , xµD} we obtained the completely
T-dual theory. All these derivations confirmed that
the set of all T-dualizations forms an Abelian group.
The neutral element of the group is the unexecuted T-
dualization, while the T-dualizations along some subset
of original directions T a is inverse to the T-dualizations
along the set of the corresponding dual directions Ta.
A The background field composi-
tions
The background field compositions Π±µν of the initial
theory are
Π±µν = Bµν ± 1
2
Gµν , (A.1)
where Gµν and Bµν are the initial metric and the initial
Kalb-Ramond field. The background field compositions
Θµν± of the T-dual theory are
Θµν± ≡ −
2
κ
(G−1E Π±G
−1)µν = θµν ∓ 1
κ
(G−1E )
µν ,
(A.2)
with GEµν being the effective metric
GEµν ≡ Gµν − 4(BG−1B)µν , (A.3)
and θµν being the parameter of non-commutativity
θµν ≡ −2
κ
(G−1E BG
−1)µν . (A.4)
These background field compositions satisfy
Π±µνΘ
νρ
∓ = Θ
ρν
± Π∓νµ =
1
2κ
δρµ. (A.5)
Let us define the analogs of Θµν± in the d- and D − d-
dimensional subspaces determined by coordinates xa =
{xµ1 , . . . , xµd} and xi = {xµd+1 , . . . , xµD}, where d =
1, 2, . . . ,D − 1. The effective metrics in these subspaces
are defined by
G˜Eab ≡ Gab − 4Bac(G˜−1)cdBdb,
G¯Eij ≡ Gij − 4Bik(G¯−1)klBlj, (A.6)
where G˜ab ≡ Gab and G¯ij ≡ Gij . Using these we define
the following field compositions:
Θ˜ab± ≡ −
2
κ
(G˜−1E )
acΠ±cd(G˜
−1)db,
Θ¯ij± ≡ −
2
κ
(G¯−1E )
ikΠ±kl(G¯
−1)lj, (A.7)
which are in fact the inverses of 2κΠ∓ab and 2κΠ∓ij
Θ˜ab±Π∓bc = Π∓cbΘ˜
ba
± =
1
2κ
δac ,
Θ¯ij±Π∓jk = Π∓kjΘ¯
ji
± =
1
2κ
δik. (A.8)
Analogously as the fields theta Θµν± defined in the whole
space by (A.2), the theta fields defined in the sub-
spaces can be separated into antisymmetric and sym-
metric parts as
Θ˜ab± = θ˜
ab ∓ 1
κ
(G˜−1E )
ab,
Θ¯ij± = θ¯
ij ∓ 1
κ
(G¯−1E )
ij , (A.9)
where
θ˜ab ≡ −2
κ
(G˜−1E )
acBcd(G˜
−1)db,
θ¯ij ≡ −2
κ
(G¯−1E )
ikBkl(G¯
−1)lj . (A.10)
In the zeroth order the quantities Π±µν , Θ
µν
± , Θ˜
ab
± and
Θ¯ij± reduce to
Π0±µν = bµν ± 1
2
Gµν ,
Θµν0± = −
2
κ
(g−1)µρΠ0±ρσ(G
−1)σν = θµν0 ∓
1
κ
(g−1)µν ,
Θ˜ab0± = −
2
κ
(g˜−1)acΠ0±cd(G˜
−1)db = θ˜ab0 ∓
1
κ
(g˜−1)ab,
Θ¯ij0± = −
2
κ
(g¯−1)ik Π0±kl(G¯
−1)lj = θ¯ij0 ∓
1
κ
(g¯−1)ij ,
(A.11)
where the zeroth order effective metrics are
gµν = Gµν − 4bµρ(G−1)ρσbσν ,
g˜ab = Gab − 4bac(G˜−1)cdbdb,
g¯ij = Gij − 4bik(G¯−1)klblj, (A.12)
and the zeroth order non-commutativity parameters are
θµν0 = −
2
κ
(g−1)µρbρσ(G
−1)σν ,
θ˜ab0 = −
2
κ
(g˜−1)ac bcd(G˜
−1)db
θ¯ij0 = −
2
κ
(g¯−1)ik bkl(G¯
−1)lj . (A.13)
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Quantities Π0±µν , Θ
µν
0±, Θ˜
ab
0± and Θ¯
ij
0± satisfy
Π0±µνΘ
νρ
0∓ = Θ
ρν
0±Π0∓νµ =
1
2κ
δρµ,
Π0±abΘ˜
bc
0∓ = Θ˜
cb
0±Π0∓ba =
1
2κ
δca,
Π0±ijΘ¯
jk
0∓ = Θ¯
kj
0±Π0∓ji =
1
2κ
δki . (A.14)
The non-commutativity parameters theta Θµν± , Θ˜
ab
±
and Θ¯ij± can be expressed as
Θµν± = Θ
µν
0± − 2κΘµρ0±hρσΘσν0±,
Θ˜ab± = Θ˜
ab
0± − 2κΘ˜ac0±hcdΘ˜db0±,
Θ¯ij± = Θ¯
ij
0± − 2κΘ¯ik0±hklΘ¯lj0±. (A.15)
A.1 Relations between field compositions
In Sect. 3.2 we introduced the background field compo-
sition
Π±ij ≡ Π±ij − 2κΠ±iaΘ˜ab∓Π±bj, (A.16)
and analogously we define
Π˜±ab ≡ Π±ab − 2κΠ±aiΘ¯ij∓Π±jb. (A.17)
Here we will show that these quantities are the inverses
of the ordinary non-commutativity parameters theta,
projected to i and a-subspaces [see (A.22)].
Let us express tensors Π±µν and Θ
µν
± , which satisfy
(A.5) in a block-wise form as
Π±µν =
(
Π±ij Π±ib
Π±aj Π±ab
)
, Θµν± =
(
Θij± Θ
ib
±
Θaj± Θ
ab
±
)
.
(A.18)
We will use the definition of block-wise inversion which
states that the inverse of the matrix of the form
M =
(
A B
C D
)
(A.19)
equals
M−1 =
(
(A−BD−1C)−1 −A−1B(D − CA−1B)−1
−D−1C(A−BD−1C)−1 (D − CA−1B)−1
)
.
(A.20)
Applying (A.20) to the first matrix in (A.18), the rela-
tion (A.5) implies
2κΘij∓ =
(
Π±ij − 2κΠ±iaΘ˜ab∓Π±bj
)−1
,
2κΘib∓ = −2κΘ¯ij∓Π±ja(Π±ab − 2κΠ±akΘ¯kl∓Π±lb)−1,
2κΘaj∓ = −2κΘ˜ab∓Π±bi(Π±ij − 2κΠ±icΘ˜cd∓Π±dj)−1,
2κΘab∓ = (Π±ab − 2κΠ±aiΘ¯ij∓Π±jb)−1, (A.21)
and we can conclude that (A.16) and (A.17) are inverses
of 2κΘij∓ and 2κΘ
ab
∓ respectively. So, we can write
Π±ijΘ
jk
∓ = Θ
kj
∓Π±ji =
1
2κ
δki ,
Π˜±abΘ
bc
∓ = Θ
cb
∓Π˜±ba =
1
2κ
δca, (A.22)
and
Θib∓ = −2κΘ¯ij∓Π±jaΘab∓ ,
Θaj∓ = −2κΘ˜ab∓Π±biΘij∓. (A.23)
Applying (A.20) to the second matrix in (A.18), Eq.
(A.5) implies
2κΠ∓ij = (Θ
ij
± − 2κΘia± Π˜ab∓Θbj± )−1,
2κΠ∓ib = −2κΠ∓ijΘja± (Θab± − 2κΘak± Π∓klΘlb±)−1,
2κΠ∓aj = −2κΠ˜ab∓Θbi±(Θij± − 2κΘic±Π˜∓cdΘdj±)−1,
2κΠ∓ab = (Θ
ab
± − 2κΘai±Π∓ijΘjb± )−1, (A.24)
so using (A.8) we conclude that
Θ¯ij± = Θ
ij
± − 2κΘia± Π˜ab∓Θbj± ,
Θ˜ab± = Θ
ab
± − 2κΘai±Π∓ijΘjb± , (A.25)
and
Π∓ib = −2κΠ∓ijΘja±Π∓ab,
Π∓aj = −2κΠ˜∓abΘbi±Π∓ij. (A.26)
Let us derive some useful relations between these
quantities. Equation (A.5), for µ = a, ν = i and
µ = i, ν = a becomes
Π±abΘ
bi
∓ = −Π±ajΘji∓,
Π±ijΘ
ja
∓ = −Π±ibΘba∓ , (A.27)
while taking µ = a, ν = b and µ = i, ν = j we obtain
Π±acΘ
cb
∓ +Π±aiΘ
ib
∓ =
1
2κ
δba,
Π±iaΘ
aj
∓ +Π±ikΘ
kj
∓ =
1
2κ
δji . (A.28)
Multiplying Eq. (A.27) from the left with Θ˜ca∓ and
from the right with Π¯∓ik we get the relation
Θci∓Π±ik = −Θ˜ca∓Π±ak , (A.29)
while multiplying Eq. (A.28) from the right with Θ¯ki∓
and from the left with Π˜±ac, we obtain
Θka∓ Π˜±ac = −Θ¯ki∓Π±ic. (A.30)
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